We have found that the Bethe roots describing the ground state of the integrable one-dimensional model of interacting bosons with weakly repulsive two-body delta interactions satisfy the set of equations appearing in the strong coupling limit of the integrable BCS model. The BCS model describes electron-electron interactions in weakly disordered metallic grains. It follows that the Bethe roots of the weakly interacting boson model are given by the zeros of Laguerre polynomials. We have thus shown a direct link, in the context of integrable one-dimensional models, between bosons interacting via weakly repulsive two-body delta-interactions and strongly interacting Cooper pairs.
Introduction
There has been a revival of interest in the exactly solved one-dimensional model of interacting bosons [1] . The conventional description of the model is N interacting bosons governed by the Hamiltonan
and constrained by periodic boundary conditions to a line of length L. Here 2c is the strength of the two-body delta interaction, with = 1, 2m = 1 in the usual convention. The wave functions are given in terms of the Bethe ansatz by
in the region x 1 < x 2 < x 3 < · · · < x N , where the summation extends over all permutations p of momenta {k j } and A(p) are coefficients depending on p. The eigenvalues are given by E = N j=1 k 2 j where the {k j } satisfy the Bethe equations
The ground state energy and excitation spectrum have been studied extensively in the literature.
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The revival of interest in this model has been inspired by recent experimental and theoretical work on low-dimensional trapped boson gases at very low temperatures [6, 7, 8, 9, 10, 11] , particularly with regard to highly elongated traps which give possible realizations of the one-dimensional Bose gas as well as Bose-Einstein condensates.
Here we find a remarkable link between the Bethe equations (3) in the weak coupling regime and the Richardson equations [12] for the BCS pairing model in the strong coupling limit [13] . The BCS model describes electron-electron interactions in weakly disordered metallic grains. In this way the Bethe roots for the ground state energy of the weakly interacting Bose gas are characterized by the roots of appropriate Laguerre polynomials. In the other direction, we have shown an explicit connection between strongly interacting Cooper pairs described by the BCS model and bosons interacting through weakly repulsive two-body delta interactions. We begin by looking at the strong coupling limit.
Strong coupling limit
In the c = ∞ limit, there is a well known connection to non-interacting fermions, known as the Tonks-Giradeau gas [14] . The Bethe equations (3) reduce to exp(ik j L) = (−1) N −1 , with solutions 2mπ/L with m integer for odd N and half-odd-integer for even N. Corrections to order 1/c can be readily obtained from the asymptotic solutions of the Bethe ansatz equations (3). Define λ = Lc/N. The roots are real and symmetric about the origin, with
. . .
for even N and 
for odd N. The ground state energy follows directly from (4) and (5), with
where ρ = N/L. This result coincides with that of the perturbation theory approach (see, e.g. Ref [15] ). At zero temperature, the chemical potential is given by µ = π 2 ρ 2 − 16π 2 ρ 3 /3c. The two-body correlation function g 2 = 4π 2 ρ 2 0 /γ 2 follows from the ground state energy and the Hellmann-Feynman theorem, with g 2 giving the rates of two-body inelastic processes in one-dimensional trapped boson gases [9] .
Weak coupling limit
The situation in the weak coupling limit is far more interesting. Consider first an even number of bosons, with N = 2M. After some tedious case by case calculations for N = 2, 4, . . . , 12, we find that, to first order in c, the Bethe roots for the ground state are
where the E i satisfy the equations
for i = 1, . . . , M, where the summation excludes j = i.
Now similar equations have arisen in a number of contexts [13, 16] . Of particular interest here is the connection between Eq. (8) and Richardson's equations for the standard BCS model [17, 18] in the strong coupling limit [13] . In terms of the Cooper pair energies E i participating in the scattering process, these latter equations are
for i = 1, . . . , r. Here n ′ = n + 2r − 2m, where n is the number of unblocked energy levels, m is the number of Cooper pairs and r is the number of nonvanishing roots to order λ BCS , where λ BCS is the superconducting coupling constant, with d the mean level spacing. Comparing (9) with (8) we see that r = M and
The ground state of the BCS model in the strong coupling limit has r = m (n ′ = n), the first degenerate group of excited states corresponds to r = m−1, etc [13] . On the other hand, the ground state of the boson model with 2M bosons corresponds to a degenerate state in the BCS eigenspectrum with 2M Cooper pairs and n = 2M − It was also observed [13] that the nonvanishing roots of the BCS Eq. (9) are given by the zeros of an associated Laguerre polynomial. It follows that the Bethe roots of the weakly interacting Bose gas in Eq. (8) are given in terms of the associated Laguerre polynomial
for i = 1, . . . , M, where
Explicitly, for
For an odd number of bosons, N = 2M + 1, we find the ground state Bethe roots to be given by
for i = 1, . . . , M. Comparing again with Eq. (9), n ′ = − , i.e. it again takes the minimum value. The Bethe roots are given by
for i = 1, . . . , M. The first few cases are E 1 = 3c/L for M = 1 (N = 3) with E 1 = 3c/L and
As c → 0, our results indicate that the Bethe roots approach the origin proportional to √ c for fixed N and L. We have checked this directly via numerical solution of the Bethe equations (3). From equations (8) and (13), the ground state energy per particle of the weakly interacting Bose gas follows as
This agrees with the results of [1] (see also Refs. [19, 20] ). It also coincides with the energy per particle in the degenerate state of the BCS model with N Cooper pairs in the strong coupling limit with minimal K z i . In the strong coupling limit these Cooper pairs can be viewed as boson particles moving in one-dimension. The initial positions of the particles are the single electron levels ǫ i (i = 1, . . . , N) . However, the ground state of the interacting boson model corresponds to a degenerate state in the strongly interacting BCS model in which half of the total number of Cooper pairs lose their initial positions, i.e. take part in the scattering process.
It is evident from our calculations that in the context of the integrable one-dimensional models, bosons interacting via weakly repulsive two-body delta-interactions share some properties with strongly interacting Cooper pairs. We speculate that low-dimensional weakly repulsive delta-interacting Bose gases trapped by potentials and undergoing BEC might map to a superconducting state of a BCS model with strong pairing interaction, where all Cooper pairs participate in the scattering.
